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Homomorphism property of $\exp$ Let $V$ be a vector space over a field $\Bbb k$ (with characteristic $0$). Suppose that $a$ and $b$ are arbitrary elements in
$V$. If $a$ and $b$ commute, i.e. $ab=ba$, then we know that $ab\in \mathbb k$, and we denote this element by $[a,b]$. If $\dim V=1$, then we have the
following basic identity \begin{equation} \exp(a+b)=[\exp(a),\exp(b)]+\exp(a)\exp(b), \end{equation} where $\exp:V\to V$ is the exponential map. I was
wondering if there is a similar identity in $\dim V\geq 2$ and more generally if we can characterise all elements $\exp(a+b)$ for all $\exp(a),\exp(b)\in V$. A: Let
$V$ be a vector space of dimension $n$ and let $\{e_1,\cdots,e_n\}$ be a basis. Let $\exp$ be an isomorphism from $V$ to $T_n(V)$, where $T_n(V)$ is the vector
space of linear transformations from $V$ to $V$. We define the exponential map $\exp$ as follows: for any $v\in V$, $\exp(v)$ is the function defined by
$$\exp(v)(u)=u+v,$$ where $u$ and $v$ are viewed as $1\times 1$ matrix. Now the key lemma. Lemma. Let $X$ be a subset of $T_n(V)$. Then, the image of
$\exp|_X$ is generated by the set of elements $\exp(v)$ where $v\in X$. In other words, $$\left\{\exp(v)\;\middle|\;v\in X\right\}$$ generates the image of
$\exp|_X$. Proof. If not
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